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Abstract — The simulation of hypersonic flows presents some difficulties due to the interaction be-
tween boundary layer and shock waves and its 3D character. In order to achieve more accurate numer-
ical results with respect to physics, a Reynolds stress model (RSM) has been implemented in the well
validated Reynolds averaged Navier-Stokes solver QUADFLOW. The RSM developed and tested by Eis-
feld, showed promising results on structured grids and is now ready to be used in combination with grid
adaptation for solving highly applied complex 3D flows.

1. Introduction
The aerodynamic design of hypersonic inlets is a critical issue for the overall performance of an
air breathing propulsion system. Currently, most of the turbulent flows are studied through the
means of the Reynolds Averaged Navier-Stokes (RANS) method, where the averaged governing
equations are solved for the mean variables. For what concerns the turbulent closure, eddy
viscosity models are widely employed, since they are easy to implement and computationally
convenient. Nevertheless these models show difficulties to correctly predict flow phenomena
like shock boundary-layer interaction, which are of great interest for hypersonic flow. For this
reason, a differential Reynolds stress model -the SSG/LRR-ω model [1]- has been implemented
into QUADFLOW [2], [3] .

2. QUADFLOW Solver
QUADFLOW solves the RANS equations around complex aerodynamical configurations using
a variety of turbulence models. It uses a cell-centered finite volume method on locally refined
grids. The grid adaptation is based on a multiscale analysis and data compression similar to
techniques used for image compression. This is a strategy independent of error indicators and
error estimators. The fundamental idea is to rewrite an array of cell averages by which the flow
field at hand is characterized by a new data format that allows for data compression [2]. The
computational grids are represented by block-structured parametric B-Spline patches.

3. Reynolds Stress Transport Equations
The Reynolds stress transport equations, for the Reynolds stresses Rij , read as follows:
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∂

∂t
(ρ̄R̃ij) +

∂

∂xk
(ρ̄ŨkR̃ij) = −ρ̄R̃ik

∂Ũj

∂xk
− ρ̄R̃jk

∂Ũi

∂xk
+ ρ̄Πij − ρ̄εij + ρ̄Dij + ρ̄Mij . (1)

The terms that appear at the right hand side of the equation represent the production, the
redistribution, the destruction, the diffusion and the contribution of the turbulent mass flux,
respectively. The production term does not need modeling because it only depends on quantities
for which an equation is solved.

The model chosen to be implemented in QUADFLOW is the SSG/LRR-ω turbulent model in
which the Menter ω-equation has been used to provide the length scale [4]. This model has been
developed by Eisfeld [1] and is the combination of the SSG model [5] in the far field and the
LRR model near the walls [6]. The LRR version chosen is the one from Wilcox who coupled it
with his ω-equation. The choice of this model near the wall is justified by the desire of having
a low-Reynolds model allowing integration up to the wall. Model based on an ω-equation often
predict acceptable value of the wall integration constant and are quite easy to integrate through
the sublayer [7]. The blending function of Menter has been employed to blend the coefficients
of the two models.

The re-distribution term is modeled as follows

ρ̄Πij = −(C1ρ̄ε +
1

2
C∗

1 ρ̄Pkk)b̃ij + C2ρ̄ε(b̃ik b̃kj − 1

3
b̃mnb̃mnδij) (2)

+(C3 − C∗
3

√
II)ρ̄k̃S̃∗

ij + C4ρ̄k̃(b̃ikS̃jk + b̃jkS̃ik − 2

3
b̃mnS̃mnδij) + C5ρ̄k̃(b̃ikW̃jk + b̃jkW̃ik) ,

where all the coefficients are obtained inserting the values in Table 1 in the blending function
(10). In the above equation, k̃ is the turbulent kinetic energy and ε is the specific dissipation.
The tensors appearing in equation (2) are the anisotropy tensor

b̃ij =
R̃ij

2k̃
− δij

3
, (3)

and II its second invariant, S̃ the strain rate tensor W̃ the rotation tensor and S̃∗
ij the traceless

strain rate tensor .

Table 1: Coefficients of SSG and LRR model for the re-distribution term [1]

C1 C∗
1 C2 C3 C∗

3 C4 C5

SSG 3.4 1.8 4.2 0.8 1.3 1.25 0.4
LRR 3.6 0 0 0.8 0 2.0 1.11

The isotropic destruction term reads:

ρ̄εij =
2

3
Cµρ̄k̃ωδij . (4)

For what concerns the diffusion term the generalized gradient diffusion model is chosen:

ρ̄Dij =
∂

∂xk

[(
µ̄δkl + D(GGD) ρ̃

ω
R̃kl

)
∂R̃ij

∂xl

]
. (5)
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The value of the constant D(GGD) is computed by the equation:

D(GGD) = Fσ∗ + (1 − F )
Cs

Cµ

. (6)

F is the blending equation in (10), σ∗= 0.5 and Cs=0.22.
Finally the term ρ̄Mij , which represents a measure of the effects of compressibility through
variations in density, is neglected.

The Menter ω-equation for RSM reads as follows:

∂

∂t
(ρ̄ω) +

∂

∂xk
(ρ̄Ũkω) = ρ̄P ω − ρ̄Dω +

∂

∂xk

[(
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ω

)
∂ω
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]
+ ρ̄CD (7)

with the production term, the destruction term,

ρ̄P ω = −αω
ω

k̃
R̃ik

∂Ũi

∂xk
, ρ̄Dω = βωρ̄ω2 (8)

and the cross-diffusion term

ρ̄CD = σd
ρ̄

ω
max

(
∂k̃

∂xk

∂ω

∂xk
; 0

)
. (9)

The coefficients of the ω-equation as well as those of the Reynolds stresses are blended using
the following function:

φ = FφLRR + (1 − F )φSSG (10)

The coefficient for the ω-equation are listed in table (2).

Table 2: Coefficients for ω-equation [1]

αω βω σω σd

SSG 0.44 0.0828 0.856 2σSSG
ω

LRR 0.5556 0.075 0.5 0

The blending function of Menter is defined as:

F = tanh(ζ4) , ζ = min


max




√
k̃

Cµωd
;
500µ̄

ρ̄ωd2


 ;

4σ(SSG)
ω ρ̄k̃

ρ̄C
(SSG)
D d2


 . (11)

4. Results
Results on a three dimensional inlet are presented here. The Mach number distribution along
different planes is shown in Figure 1 for an inflow condition of Mach 7 and 4 Million Reynolds
number. The simulation has been conducted using a fully turbulent simulation with the SSG/LRR-
ω model. No adaptation is performed since it is not yet available for 3D parallel computations.

Because of the turbulent boundary layer prescribed in the simulation, no separation can be
seen in the kink region and a shock originate at the beginning of the second ramp. This shock
hits then the bow shock generated by the cowl lip in a point above the cowl in order to avoid
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Figure 1: Mach number distribution along different planes.

blockage of the isolator. A separation bubble is created where the cowl shock impinge on
the thick hypersonic boundary layer and its size is approximately half of the isolator height.
Corner vortices are generated along the side walls and the ramps whose size increases moving
downstream and influences the separation bubble in the isolator which is bigger near the wall.
The results briefly presented here show that highly applied 3D hypersonic flow need accurate
turbulence modeling combined with computationally efficient methods like adaptation.
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